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Abstract 

A free fermionic string quantum model is constructed directly in the light-cone 
variables in the range of dimensions 1 < d < 10. It is shown that after the GSO pro- 
jection this model is equivalent to the fermionic massive string and to the non-critical 
Rammond-Neveu-Schwarz string. The spin spectrum of the model is analysed. For 
d = 4 the character generating functions is obtained and the particle content of first 
few levels is numerically calculated. 
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1 Introduction 

It was recently shown that the covariant quantization of the Rammond-Neveu-Schwarz 
string modified by adding the supersymmetric Liouville sector with vanishing cosmological 
constants leads in the dimensions 1 < c? < 10 to a family of tachyon free unitary models |I|. 
For every member of this family the Neveu-Schwarz sector does not contain any massless 
states which justifies the name - fermionic massive string - introduced in |1[]. One of the 
quantum models characterised by the largest subspace of null states is equivalent to the 
non-critical RNS spinning string truncated in the Neveu-Schwarz sector to a tachyon free 
subspace of the fermion parity operator. It is called the critical fermionic massive string. 
The aim of the present paper is to develop the light-cone formulation of this model. 
Our motivation is twofold. First of all the light-cone formulation seems indispensable 
for analysing the splitting-joining interaction. Secondly, it can be used to calculate the 
particle content of the model. 

The paper is organised as follows. In Section 2 we define a quantum free string model 
directly in the light-cone variables. We shall call it the fermionic non-critical light-cone 
string or simply the light-cone string. In this model the longitudinal degrees of freedom 
are described by a background charge Fock space realisation [0 of the superconformal 
Verma module with the central charge c = 10 — d, and the highest weight h = ^. A 
similar construction motivated by the Liouville theory was first discussed by Marnelius 
in the context of the non- critical Polyakov fermionic string 0. The GSO projection is 
introduced as a projection on a suitably chosen eigenspace of the (world-sheet) fermion 
parity operator. 

In Section 3 we show that after the GSO projection the fermionic non-critical light-cone 
string is equivalent to the critical massive string and therefore to the suitably projected 
Rammond-Neveu-Schwarz non-critical string. 

In Section 4 the spectrum of the light-cone string is analysed. For d = A the expansion 
of the character generating function in terms of irreducible characters is derived. It is 
illustrated by numerical calculations of spin content of first few levels. The spectrum of 
the GSO projected tachyon free model is also calculated. The corresponding results for 
the closed non-critical light-cone string are presented in Section 5. An interesting feature 
of the model is that the closed string spectrum does not contain space-time fermions. 

The spectra of the open and the closed critical massive strings derived in this paper 
exclude the fundamental string interpretation of the model. It might be however a good 
candidate for an effective low energy description of strong interactions. It shares two 
important features of the critical fermionic string - the light-cone formulation and the 
absence of tachyons. Whether it is enough for a consistent interaction is an interesting 
open problem. 

2 Fermionic non-critical light-cone string 

Let us fix a light-cone frame {e±,ei, ... ,6^,-2} in (i-dimensional Minkowski space nor- 
mahsed by e\ = 0, 6+ ■ e_ = —1, and Cj ■ e^ = 5ij ior i,j = 1, . . . ,d — 2. We shall use the 
following notation for the light-cone components of a vector V 

V^ = e±-V , V' = Ci-V , V = V'ci . 



The fermionic non-critical light-cone string is defined as a representation of the algebra 

I'^m' ^n\ 1TI0 Om —n > [Cmi Cn\ TTiOm —n j ^ , 

.... (1) 

{bl.,bl} = 6'^r-s , {4,4} = Sr-s 

supplemented by the conjugation properties 



[%) — % ■> V^O 



go . (co)"^ = Co , (g^) = g^ 



(ad") = ac}" , (go) = go 



; 



where m,n G Z;r,s E ^ + |. The operators P"'' = ^^^kIi-P* = V^o-o, and x~ = 
-j^Qq ,x^ = -j^Qq are interpreted as components of the total momentum of the string, and 
the barycentric coordinates, respectively. 

Let us denote by F^{p'^,p) the Fock space generated by the algebra of non-zero modes 
(with negative labels) out of the unique vacuum state Q^ satisfying 

p' n, = p'n, , p+ n, =p+n, , con, = xn, . 

The space of states is a direct integral of Hilbert spaces over the spectrum of momentum 
operators 

H, = J j^^d'-'p H,{p\p) . 

In the Neveu-Schwarz sector (e = 1) 

Hiip'^ ,p) = Flip"' ,p) . 

In the Rammond sector (e = 0) the fermionic zero modes bQ,do form the real Euclidean 
Clifford algebra C{d — 1,0). If one requires a well defined fermion parity operator the 
zero mode sector of Ho{p'^ ,p) must carry a representation of the Clifford algebra C{d, 0). 
We assume that this sector is described by an irreducible representation D{d) of the 
complexified Clifford algebra C^ {d) = C{d, 0) (U, and 

Ho{p+ ,p) = Fo{p+ ,p) ® D{d) . 

The representation of the algebra (0) on Ho{p^ ,p) is given by 

al^ = al^<S)l , Cm = Cm® I , m^O , 

bi = bi®T^ , 4 = 4®r^ , r^o , 
6^ = i®^r , rfo = i®^r^ , 

where a^,Cm,&r'4 denote the operators on Fq{p^,p) representing the non-zero bosonic 
and fermionic modes, and F^, ...,F'^~^, F-^jF^ are the gamma matrices of the D{d) repre- 
sentation. 



In order to construct generators of a unitary representation of the Poincare group we 
introduce the operators 






forming an A^ = 1 superconformal algebra with the central charge c = d — 1 + 32/? 
[L„,L„] = {m-n)Lm+n + l{d-l + 32P){m^ -m)6m-n , 

{Gr,Gs} = 2L,+, + i(rf-l + 32/5)(r2-i)(5,,_, . 

The generators of the translations in the longitudinal and the transverse directions are 

given by the operators P^ and P*, respectively. The generator of the translation in the 

^'''-direction is defined by 

_ en 

The x^ coordinate is regarded as an evolution parameter and P" plays the role of the 
string Hamiltonian. The generators of the Lorentz group are defined by 



1 



M'^ = x'P^ -x^P'-iY.-i'^-n 



n>0^ 



'-^n '^— n^nJ 



+ (1 - e)ibili - I J2ilf^rK - ^-vK 

r>0 



5 
M+- = \{P^x-+x-p 



AP- = l{p-x'+x'p-)-x-P'-^J2-i^-nLn-L.n<) 



^0 n>0 ^ 



« ,,• ^ t 



+ (1 - e)—blGo - — Y.(b\Gr - G.rK) , 

The algebra of the generators F+, P^ , P\ M+", M*"*", M"^' ^M''^ closes to the Lie algebra 
of the Poincare group up to some anomalous terms. They appear only in the commutators 



M'- , M^- 



1 ^, . -r 1 



E(An-A-)( 



tX ,y^, Lii/y, tX—Tl Lil, 



_(_2 Zl^V^-"'' ^-^ 7V"'-n"'n ^-n'-^nJ 
JOq n>0 '^ 

1 ^.. -r 1 



^(A-A-)(feL,fe^,-bi,C 






where A = rf — 9 + 32/?, A = IGcio — c/ + 1 — 32/3, and vanish if and only if /3 = ^(9 — d), 
and ao = \. The first condition implies that the operators P^, M*^ are self-adjoint only 



in the range 2 < rf < 9. The second leads to the following expression for the mass square 
operator 

M^ = 2a(i?, + f - e^) , (2) 

where R^ = J2 {fl-m-a-m + C-mCm) + Z) 'I'ih^r ■br+m + d-rdT+m) IS the level operator. Note 

m>0 r>0 

that in the covariant massive string model the eigenvalue A of the bosonic Liouville zero 
mode Co is restricted by the constraint Cq = 0. In the present construction it is regarded 
as a free real parameter. 

It follows from (^ that for A^ small enough the ground states in the Neveu-Schwarz 
sector are tachyonic. One can try to solve this problem by introducing the GSO projection 
0]. Let Fe = Hr>o ^-r ' K + Z]r>o d^rdr bc the fcrmiou number operator on F^ijp'^ ^p). We 
introduce the fermion parity operators on the total Hilbert space H = Hq (B Hi : 

(-1)^ = (-1)^0 ^r^© (-1)^^+1 . 

The GSO projection is defined as the projection on the +1 eigenspace of (—1)^. In the 
case of even dimensions there exists another operator B with all the properties of the 
fermion parity operator, and anticommuting with (—1)^. One can show that the GSO 
projections with respect to 6, and (—1)^ lead to equivalent models. 

3 Equivalence to other models 

In this section we shall show that the light-cone string is equivalent to the critical fermionic 
massive string recently introduced in [|I]. In the covariantly quantized fermionic massive 
string the conditions for physical states can be solved in terms of the transversal A^, _B*, 
the super-Liouville Cm, Dr, and the "shifted" longitudinal A^, B^ . For details concerning 
the DDF construction and the notation used in this section we refer to 0]. 

The critical fermionic massive string corresponds to a special choice of the parameters 
(3 = ^^,'n^o ~ 0- ^^ ^^^^ ^^^^ ^^^ states containing the "shifted" longitudinal excitations 
are null. The space of physical states can be identified with all states generated by the 
transverse and the super-Liouville DDF operators A^,i?*, Cm, Dr. They have the same 
(anti) commutation relations and the conjugation properties, as the light-cone excitations 
al^,bl, Cm, dr. Also the continuous spectra of the bosonic zero modes in both models are 
identical. In the critical massive string the representation of the transverse, the Liouville, 
and the fermion parity gamma matrices on the on-mass-shell physical states coincides 
with the representation D{d). The only difference is that in the covariant model one 
gets a neutral, while in the light-cone string a positive definite scalar product. This 
discrepancy is not essential - the subspaces with definite products in the covariant model 
are eigenspaces of the the fermion parity operator 0] . Note that the neutral product of 
the covariant model is a consequence of the assumption that the zero and the non-zero 
fermionic modes have the same conjugation properties. 

One way to show the equivalence of the Poincare group representations is to calculate 
the commutators of the Poincare generators with the DDF operators. This calculations 
can be facilitated by the technique of the leading terms f^. It is based on the observa- 
tion that the DDF operators expressed in terms of elementary excitations are uniquely 
determined by they leading terms i.e. parts of such expressions which do not contain any 



a^, b^]m ^ excitations. The most tedious calculations are involved in the commutators: 



M'-,Ai^ 



M'-,B: 



M'-.Cr, 



M'',Dr 



im^jr / „+....... . . 



+ ^Z^ n^ n+mA_n— A^n+mAn) + Q A-"r+m-P-r + -"~r+m-Pr 



n>0 



T->0 



-ve r- 

^0 V ^0 






n>l 



s>0 



''O 



9^„j, 






n>0 



r>0 



= 4e "^0 r^aJjD, - rg*D, + 4J/?rS; - z(l - e)5^a 



n>l 



s>0 / 



Setting in these formulae the evolution parameter q^ = ^-^ = 0, and neglecting the 

"shifted" longitudinal DDF operators A^,B^ one reproduces the corresponding hght- 
cone commutators. One can easily check that this is also true for all the other generators. 
We have shown that the GSO projected fermionic light-cone string is isomorphic to 
the GSO projected critical massive string. The latter model is equivalent to the non- 
critical Rammond-Neveu-Schwarz string truncated in the Neveu-Schwartz sector to the 
tachion free eigenspace of the fermion parity operator [Q] . One thus has three equivalent 
descriptions of the same fermionic non-critical string model. 



4 Spin spectrum 

The problem of the spin spectrum is to decompose the unitary representation of the 
Poincare group on the Hilbert space of string into irreducible representation. It follows 
from formula (Q) that the decomposition of H^ into representations of a fixed mass coin- 
cides with the level structure 



N>0' 



For A^ in the range < A^ < -g^ the lowest level subspace H^ in the Neveu-Schwarz 
sector carries an irreducible tachyonic representation. For A^ = ^^, H^ is a massless, 
and for A^ > ^^, a massive scalar representation. 



In the Rammond sector the 0-level subspaces Hq{p'^ ,p) are by construction isomorphic 
with the irreducible representation D(d) of the complex Clifford algebra C'"{d). For a 
massive momentum (A^ > 0) the representation of the little group Spin((i — 1) on D{d) 
is a direct sum of two isomorphic fundamental irreducible representations S{d — 1) oi 
Spin(<i — 1). 

In the massless case (A^ = 0) the maximal compact subgroup of the little group is 
Spin(d — 2). In the odd dimensions D{d) is a direct sum of two fundamental irreducible 
representations of Spin(d — 2) while in the even dimensions it is a direct sum of four such 
representations. In particular for d = 4 and A^ = the zero level in the Rammond sector 
contains two pairs of the left, and the right Weyl spinors. 

Since all higher levels are massive, the spaces H^{p'^,p) should be decomposed into 
irreducible representations of the little group Spin((i — 1). For every momentum p with 



^ = a{2N + A^ — £^^),iV > 0, one can choose a light-cone frame such that p"*" = 
q;,P = 0, and the little group is generated by 

2 
777 

2a 

We shall use the method developed in the case of the bosonic light-cone string ^ . It relies 
on the observation that, as far as the character generating function is concerned, the vector 
representation of Spin((i — 2) formed by the transverse excitation can be extended to a 
vector representation of Spin(d— 1) by means of the Liouville excitations. The only novelty 
is that in the present case we have two vector representations K?^ and V^^ spanned by 
the creation operators 

a I ^m C-m (2 ^ U ,g[ 



-m 

-m 



al^ l<a<d-2 




The normalisation constants Km = , --■, Hr = i = are chosen in order to obtain 

the canonical antisymmetric matrix generators D^"^^ of Spin((i — 1) vector representation: 



Q' , A%^ = iJX^ + Am^[5 D'^^\A' +... 



Q\ B%\ = i^X^ + 16r^PD^'^\B'_r +■■■ • 

The dots in the formulae above denote all terms of higher order in the excitation operators. 
Such terms do not contribute to the character functions. 

The subspace H^{y/a,0) decomposes into a direct sum of tensor products of the 
symmetric tensor powers of V"_?^, the antisymmetric tensor powers of V^^, and D{d). Then 
using the method of |^ one can write the character of the Spin((i — 1) representation on 
Hf{^, 0) as 

xf= E E E n n xTxTx'., 

Nb+Np=N pBeP(AfB) Pf6-P(A^f) '"fcepB nirGpp 

where the sum runs over all partitions job = {i^k}, Pf = {^^r} of the bosonic N^, and the 
fermionic A^f level number. The symbols Xs*") and x™'' stand for the characters of the 
mfc-th symmetric, and the m^-th antisymmetric tensor power of the vector representation 
of Spin((i — 1), respectively. Finally, Xe is given by 

Xo = 2x5(d-i) , X? = l , (3) 



where Xs{d-i) is the character of the fundamental irreducible representation of Spin((i— 1). 
Using the formulae for characters of tensor products one gets the character generating 
function 

X.it,9)=Et''x''i9)=U-r-rrAp^UXS n detil + fVA9))x'M , 

where T>^ denotes the vector representation of Spin((i— 1), and I is the set of all positive 
integers. The expansions of Xeit,g) in terms of irreducible characters can be found using 
the techniques developed by Curtright and Thorn for strings with only transverse 
excitations. In the case of rf = 4 one gets: 

X.{t,cp) = 2i-ti(i-V(t)vre(t)E Xiiv) 



kel rn(LM+^ 



where 



and Xi{4>) is the character of the spin / irreducible representation of Spin((i — 1). For 
A^ = the spin spectrum up to 6-th level is presented on Fig.l. 

The doubling of the spectrum in the Rammond sector (^ is related to the presence of 
the fermionic zero mode in the Liouville sector. For all dimensions in the range 1 < d < 10 
the GSO projection removes this doubling without any extra conditions for the parameters 
of the model. In the Neveu-Schwarz sector it simply removes the integer levels. The GSO 
truncated spectrum is presented on Fig. 2. 

5 Closed string 

The closed string Hilbert space He can be constructed as the subspace of the tensor 
product of two copies of the open string Hilbert spaces {Hq ®Hi)® {Hq © Hi) determined 
by the conditions 

pi _ P+ 

'^0 ~ "^0 ~ o r- ' '^0 ~ '^0 ~ r, r- ' Co = Co = A , 

and anihillated by the twist operator T = {Rq © i?i) eg) 1 — 1 (g) {Rq © Ri). 

Since the mass levels of different sectors of the open non-critical string never coincide 
(0) the mixed sectors Hq®Hi, Hi® Hq are excluded. In consequence the spectrum of the 
closed fermionic string does not contain space-time fermions. This is in fact a common 
feature of all the covariant closed string models corresponding to the family of non-critical 
open strings considered in ^. 

The representation of the Poincare generators are constructed in a standard manner. 
In particular, the Hamiltonian P~ generating the x"'"-evolution, and the mass square 
operator M^e are given by 



P,- = — (Lo + Lo-1) , Ml = Aa{R + R+\^-e^] 



The character generating function can be calculated as the "diagonal" part (i.e. all terms 
of the form t^t' ) of the product of two open string generating functions 



X^^'°^^'ni,^) = Diag(x.(t,^)Xe(t',^)) 



t=t' 



For (i = 4, and A^ = the results of the numerical calculations of first few levels, before, 
and after GSO projection are presented on Fig.3, and on Fig.4, respectively. 
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